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Abstract

A sequentialdynamicalsystem(SDS) over a domainD is a triple (G, F, w), where (i)

G(V, E) is anundirectedgraphwith n nodeswith eachnodehaving a statevaluefrom I,

(i) F = {f1, fo,---, fn} is asetof local transitionfunctionswith f; denotingthe local

transitionfunctionassociateavith nodev; and(iii) = is apermutatiorof (i.e.,atotal order
on)thenodesn V. A singleSDStransitionis obtainedoy updatingthe statesof thenodes
in V by evaluatingthe functionassociatedavith eachof themin theordergivenby .

We considerreachabilityproblemsfor SDSswith restrictedlocal transitionfunctions.
Our mainintractabilityresultsshav thatthereachabilityproblemsfor SDSsare PSPACE-
completewhen either of the following restrictionshold: (i) F consistsof both simple-
threshold-functiosandsimple-irverted-thresbld functions,or (ii) F consistonly of threshold-
functionsthat useweightsin an asymmetricnanner Moreover, the resultshold even for
SDSswhoseunderlyinggraphshave boundednodedegree and boundedpathwidth.Our
lower boundresultsalsoextendto reachabilityproblemsfor Hopfield networks andcom-
municatingfinite statemachines.

Onthe positive side,we shawv thatwhenF consistonly of thresholdfunctionsthatuse
weightsin a symmetricmanney reachabilityproblemscanbe solved efficiently provided
all the weightsare strictly positve andthe ratio of the largestto the smallestweightis
boundedy a polynomialfunctionof the numberof nodes.
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1 Intr oduction

1.1 Definitionof a SequentiaDynamicalSystem

We study the computationakompleity of reachabilityproblemsfor Sequential
Dynamical Systems(SDSs),a new classof discretefinite dynamicalsystemsn-
troducedin [BMROO,MRO0(Q]. Formally, a sequentialdynamicalsystemsS over a
givendomainD of statevaluesis atriple (G, F, 7), whosecomponentsreasfol-
lows:

(1) G(V, E) is afinite undirectedgraphwithout multi-edgesor self loops.G is
referredto asthe underlying graph of S. We usen to denote|V| andm to
denote E|. Thenodesof G arenumberedisingtheintegersl, 2, .. ., n.

(2) For eachnode: of GG, F specifiesalocal transition function, denotedoy f;.
ThisfunctionmapsD® ™ into D, whered; is thedegreeof nodei. Letting N (i)
denotethe setconsistingof nodes itself andits neighborsgachparametenf
fi correspond$o amemberof N (7).

(3) Finally, 7 isapermutatiorof {1,2,...,n} specifyingtheorderin whichnodes
updatetheir statesusingtheir local transitionfunctions.Alternatively, 7 can
be ervisionedasa total orderon the setof nodes.

A configuration C of § canbeinterchangeablyegardedasann-vector(cy, ¢s, - . ., ¢,),
whereeache; € D, 1 < i < n, orasafunctionC : V. — D. ¢ Fromthefirst per
spectve, ¢; is the statevalue of node: in configurationC, and from the second
perspectie,C (i) is the statevalueof nodei in configuratiorC.

Computationallyeachstepof an SDS(i.e., the transitionfrom one configuration
to another),nvolvesn substepswherethe nodesare processedn the sequential
orderspecifiedby permutationr. The “processing’of a nodeconsistsof comput-
ing the value of the nodes local transitionfunction and changingits stateto the
computedvalue. The following pseudocodeshawvs the computationsnvolved in
onetransition.
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fort=11t0 n do
(i) Nodew (i) evaluatesf,;. (This computationusesthe current valuesof the
stateof 7 (7) andthoseof the neighborsof 7(7).) Let x denotethe valuecomputed.
(i) Noder (i) setsits states,; to x.
end-for

1.2 Motivation

Ourprimarymotivationfor studyingSDSsis to developanaxiomatictheoryof sim-
ulation systemswhich canbe appliedto the designof large scalesocio-technical
simulationsof nationalinfrastructuresuchastransportationelectricalpower and
communicationTheSDSmodelhasbeensuccessfullysedn thedesignof alarge-
scaletransportatiorsimulationsystemcalledTRANSIMS? atthelLos AlamosNa-
tional Laboratory

Anothermotivationfor studyingSDSsis thatthey arecloselyrelatedto somewell
known modelsusedin dynamicalsystemsmachinelearninganddistributedcom-
puting. Thus, lower boundson the computationalcomplexity of decidingsome
propertiesof SDSsyield asdirect corollariesanalogougesultsfor thosemodels.
Themodelsincludethefollowing:

(a) Classicakellularautomatg CA) [Wo086] andgraph automata[NR98,Ma98],
which area widely studiedclassof dynamicalsystemsn physicsandcomplex
systems.

(b) DiscreteHopfieldnetworks[Ho082,FO99, which areaclassicaimodelfor ma-
chinelearning,and

(c) Communicatindinite statemachinegAKY99,GC86,Hoa84Mi99], whichare
widely usedto modelandverify distributedsystems.

Themaindifferencebetweengraphautomataand SDSsis thatin theformer, node

statesare updatedin parallelwhile in latter, they are updatedin a specifiedse-

guentialorder Recently other authors[HG99,Ga97,Rk94]have also considered
sequentialipdateslin particular HubermarandGlancelHG99| presenexperimen-
tal resultsto shaw thatcertainsimulationsof n-persongamesexhibit very different

(but probablymorerealistic)dynamicswhenthe cells areupdatedsequentiallyas

opposedo whenthey areupdatedn parallel.

Decidabilityissuedor dynamicalsystemsn generalandfor CA in particularhave

3 TRANSIMS s anacrorym for the “TRansportatiorANalysis andSIMulation System”.
For details,seehtt p://transi ns. t sasa. | anl . gov.



beenwidely studiedin the literature (seefor example,the two edited volumes
[W086,Gu89). In contrastcomputationatompleity questiongrisingin thestudy
of finite CA andrelateddynamicalsystemsave recevedcomparatiely lessatten-
tion [Su95,SDB97Gr87. Herewe studythe computationatompleity of several
reachabilityproblemsfor SDSs.Thesearefundamentaproblemsin the context of
analyzingdynamicalsystemsQOur resultsindicatethatthesequestionsare,in gen-
eral, computationallyintractable.However, we identify several specialclassef
SDSsfor which the questionanbe answerecefficiently.

2 Terminology and Problem Definitions

2.1 Additional SDSTerminolay

Let S = (G, F,n) denotean SDSover a domainD. We let Fs denotethe global
transition function associatedvith S. For any configurationC, Fs(C) givesthe
configuratiorreachedy S in onestepstartingfrom C. Thisfunctioncanbeviewed
eitherasafunctionthatmapsD” into D" or asafunctionthatmapsD” intoDY. Fy
representshe transitionsbetweenconfigurationsandcanthereforebe considered
asdefiningthe dynamicbehaior of SDSS. Recallthata configurationC canbe
viewedasafunctionthatmapsV into D. As aslight extensionof this view, we use
C(W) to denotethe statesof thenodesn W C V.

Let Z denotethe designatecconfigurationof S at time 0. Startingwith Z, the
configurationof S aftert steps(for ¢ > 0) is denotedby £(S,Z,t). Note that
£(8,Z,0) = T and&(S,Z,t + 1) = Fs(&(S,Z,t)). Consequentlyfor all ¢ > 0,
£(S,Z,t) = Fs'(T).

A fixed point of an SDS S is a configurationC suchthat Fs(C) = C. An SDS
S is saidto cycle througha (finite) sequencef configurations(C;,Co, ..., C,) if
Fs(Cy) =Cy, Fs(Ce) =Cs, ..., Fs(C,_1) = C, andFs(C,) = C;. A fixedpointis
acycleinvolving only oneconfiguration.

The phasespacePs of an SDSS is a directedgraphdefinedasfollows: There
is anodein Pg for eachconfigurationof S. Thereis a directededgefrom a node
representingonfigurationC to thatrepresentingonfigurationC’ if Fs(C) =C’. In
sucha casewe alsosaythatconfigurationC is a predecessonf configurationC’.
SinceSDSsaredeterministiceachnodein its phasespacehasan outdegreeof 1.
In generalthe phasespacePs may have aninfinite numberof nodes.Whenthe
domainD of statevaluesis finite, the numberof nodesin thephasespaces |D|".



2.2 \ariationsof the BasicSDSModel

The above definition of an SDS imposesno restrictionson eitherthe domainD

of statevaluesor the local transitionfunctions,exceptthatthe rangeof eachlocal

transitionfunctionmustbe a subsebf D. SDSsthatmodelsimulationsystemscan
be obtainedby appropriatelyrestrictingD and/orthelocal transitionfunctions.We

usethenotation®(x,y)-SDS” to denoteanSDSwherex’ specifiegherestrictionon

thedomainand'y’ specifiegherestrictionon the local transitionfunctions.Some
restrictionsstudiedin this paperarediscussedbelon. Whenerer possible we prove

our hardnessesultsfor the mostrestrictedSDSmodel,therebyobtainingstronger
lower boundresults.

We assumehatthe Booleandomainconsistof thetwo integersO and1. Thefocus
of this paperis on SDSsover the Booleandomainwith specialclasse®f Boolean
local transitionfunctions.We provide below the definitions(from [Ko7() of these
specialklassesndalsointroducethenotationfor thecorrespondingestrictedclass
of SDSs.

Definition 2.1 A symmetric Booleanfunctionis onewhosevaluedoesnotdepend
on the order in which the inputsare specified;that is, the functionvaluedepends
only onhowmanyof its inputsare 1.

Definition 2.2 GiventwoBoolearvectos X = (z, zo, ..., z,) andY = (y1, Yo, - - ., Yq),
definetherelation” <” asfollows: X <Y ifz; <w;, 1 <i < g.Ag-inputBoolean
function f is monotoneif X <Y impliesthat f(X) < f(Y).

Thereareseveral otherequivalentdefinitionsof monotoneBooleanfunctions;for
example,a Booleanfunctionis monotonef it canbeimplementedusingonly op-
eratorsfrom theset{AND, OR} [Ko70.

Definition 2.3 A k-simple-threshold function takeson the value 1 if at least&

of the Booleaninputs havevalue 1; otherwise the value of the functionis 0. A

k-simple-inverted-threshold function is the negation of the k-simple-theshold
function.

Thresholdfunctions,which area generalizatiorof simple-thresholdunctions,are
definedasfollows.

Definition 2.4 A g-inputthresholdfunction hasq Booleaninputsz;, z,, ..., z,
with respectivaveightsw;, w,, .. ., w,, a Booleanoutputy anda thresholda. The
valueof y is 1iff 37, wz; > a.

Reference$BMR00,MR00,Re00aLP0( investigatednathematicapropertiesof
SDSsover the Booleandomainwith symmetriclocal transitionfunctions.Indeed,
in [BMROO,MRO0(Q], wherethe SDS modelwas introduced,it was assumedhat



the statevaluesare Booleanandthatthe local transitionfunctionsare symmetric.
In our notation,an SDS over the Booleandomainwith symmetriclocal transition
functionsis referredto asa (BooL, Sym)-SDS. The useof symmetricfunctions
is oneway of capturing“meanfield effects” in statisticalphysicsandotherlarge-
scalesystemsA similar assumptiorhasbeenmadein [BPT91]. Whenthe local
transitionfunctionsare monotone(but not necessarilysymmetric),we denotethe
correspondinglassof SDSsby (BooL, MON)-SDS.

We usethenotation(BooL, ST)-SDSfor theclassof SDSswhereeachlocal tran-
sitionfunctionis asimple-thresholdunction.Whenthesetof local transitionfunc-
tionsof anSDSis allowedto consistof bothsimple-thresholdndsimple-irverted-
thresholdfunctions,theresultingclassof SDSsis denotedby (BooL, SIT)-SDS.

Theclassof SDSsoverthe Booleandomainwhereeachlocal transitionfunctionis

athresholdfunctionis denotedby (BooL, AWT)-SDS.In suchSDSs theweights
usedin thelocal transitionfunctionsat the two nodesof anedgemaynotbeequal.
A usefulsubclasf (BooL, AWT)-SDSsarethosein which the weightsusedin

local transitionfunctionsaresymmetri¢thatis, for eachedge theweightsusedby

thelocal transitionfunctionsat thetwo nodesof the edgeareequal We denotethis
subclasof SDSsby (BooL, SWT)-SDSs.As will be seenpermittingthreshold
functionsthat useweightsin an asymmetricmannerchangeshe compleity of

reachabilityproblemssignificantly

It is alsoof interestto considerdynamicalsystemmodelsobtainedby modifying
somecomponent®f an SDS.Onesuchmodelis a SynchronousDynamical Sys-
tem (SyDS),which is an SDSwithout the node permutationIn a SyDS, during
eachtime step,all thenodessyndironouslyevaluatetheir local transitionfunctions
andupdatetheir statevalues.Thus,SyDSsaresimilar to classicalCA with the dif-
ferencethatthe connecwity betweencellsis specifiedby an arbitrarygraph.The
restrictionson the domainof statevaluesandlocal transitionfunctionsdiscussed
for SDSsarealsoapplicableto SyDSs.

Table1l summarizeshe notationfor the variousrestrictedclasse®f SDSsconsid-
eredin this paper We alsousethis notationfor restrictedclasse®f SyDSs.

2.3 ProblemsConsideed

Throughoutthis paper we assumehat the domainof a given SDS (or SyDS)is
finite andthat eachlocal transitionfunction canbe evaluatedin polynomialtime.
Thefocusof this paperis onthe following reachabilityproblemsfor SDSs.

(1) Givenan SDS S over a domainD, two configurationsZ, 13, anda positive
integer ¢, the t-REACHABILITY problemis to decidewhetherS startingin
configuratiorZ will reachconfiguration3 in ¢ or fewertime steps\We assume



Notation

Inter pretation

(BooL, Sym)-SDS

Domain of statevaluesis Booleanand eachlocal transitionfunction is
symmetric.

(BooL, MON)-SDS

Domain of statevaluesis Booleanand eachlocal transitionfunction is
monotone.

(BooL, ST)-SDS

Domainof statevaluesis Booleanandeachlocal transitionfunctionis a
simple-thresholdunction.

(BooL, SIT)-SDS

Domain of statevaluesis Booleanand eachlocal transitionfunction is
eithera simple-thresholdunctionor a simple-irverted-threlsold function.

(BooL, AWT)-SDS

Domain of statevaluesis Booleanand eachlocal transitionfunction is
a (weighted)thresholdfunction. The weightsusedin the local transition
functionsmaybe asymmetricthatis, the weightsusedby the local transi-
tion functionsat thetwo nodesof anedgemaynotbeequal.

(BooL, SWT)-SDS

Domain of statevaluesis Boolean,eachlocal transition function is a
(weighted)thresholdfunction with symmetricweights;that is, for each
edge,the weightsusedin the local transitionfunctionsat the two nodes
of theedgeareequal.

Tablel

Notationfor RestrictedClasse®f SDSs

thatt is specifiedin binary (If ¢ is specifiedin unary it is easyto solve this
problemin polynomial time sincewe can executeS for ¢ stepsand check
whetherconfigurationB is reachecdat somestep.)

(2) GivenanSDSS overadomainD andtwo configurationsZ, B, the REACHA-
BILITY problemisto decidewhetherS startingin configuratiorZ everreaches
the configuration3. (Notethat,for ¢ > |D|", --REACHABILITY is equivalent
to REACHABILITY.)

(3) GivenanSDS S overadomainD anda configurationZ, the FIXED POINT
REACHABILITY problemis to decidewhetherS startingin configurationZ
reacheafixedpoint.

In particular we studyhow variousrestrictionson thelocal transitionfunctionsof
an SDS affect the compleity of the above reachabilityproblems.A summaryof
our resultsfor theseproblemss givenin Section3.




3 Summary of Resultsand Their Significance

As mentionedearlier we study the compleity of several reachabilityproblems
for classesof SDSsover finite domains.Our resultsinclude lower bounds(i.e.,
PSFACE-hardnessesults)andupperboundg(i.e., polynomialtime algorithms)on
the compleity of reachabilityproblemsfor SDSsundervariousrestrictionson the
local transitionfunctions.

Lower Bounds: Usingadirectreductionfrom theacceptanceroblemfor linear
boundedautomataLBA), we shav that the t-REACHABILITY, REACHABILITY
andFIXED POINT REACHABILITY problemsarePSFACE-completeor (BooL, SIT)-
SDSs.Theseresultsjn turn,allow usto shav thatthereachabilityproblemsemain
PSFACE-completefor (BooL, AWT)-SDSsaswell. PSFACE-completenesse-
sultsfor (BooL, MoN)-SDSsfollow asdirectcorollariesof ourPSFACE-completeness
resultsfor (BooL, AWT)-SDSs.Moreover, the resultshold evenunderall of the
following restrictions.

(a) Themaximumnodedegreein the underlyinggraphis a constant.
(b) The pathwidth(andhencethetreavidth) of theunderlyinggraphis aconstant.
(c) Thenumberof distinctlocal transitionfunctionsusedis a constant.

In additionto theaboverestrictionsfor (BooL, AWT)-SDSs,thehardnessesults
hold even whenthe ratio of the maximumto the minimum weightis a constant.
Thesehardnesgesultscanbe viewed asindicating a trade-of between(i) asym-
metryin informationexchangebetweemodes(ii) thetypesof thresholdfunctions
that are sufficient to make the problemscomputationallyintractableand (iii) the
structureof theunderlyinggraph.

Upper Bounds: In contrasto thePSFACE-hardnessesultsfor (BooL, AWT)-
SDSs,we show thatreachabilityproblemsfor (BooL, SWT)-SDSscanbe solved
in polynomialtime whenall the weightsusedin the local transitionfunctionsare
positive andthe ratio of the maximumweightto the minimumweightis bounded
by apolynomialin thesizeof the SDS.Notethattheclassof (BooL, ST)-SDSsis
asubsebdf theclassof (BooL, SWT)-SDSsin which eachweightis 1. Therefore,
theresultfor (BooL, SWT)-SDSsalsoallows usto concludethatthe reachability
problemsfor (BooL, ST)-SDSscanbe solvedefficiently.

Applications: Theresultspresentedn this paperimply appropriatdower bounds
for reachabilityproblemsunderotherdynamicalsystemmodels.For instance as
obseredin Section7, the simplicity of the local transitionfunctionsandthe se-
guentialupdatemechanisntanbeusedo immediatelyimply thePSPACE-hardness
of appropriatereachabilityproblemsfor simple classesof communicatingfinite
statemachines.



4 RelatedWork

The SDSmodelfor dynamicalsystemss relatedto two othermodelsfor dynam-
ical systemsnamelydiscreteHopfield networks and cellular automata(CA). We
discussthe relationshipto discreteHopfield networks first. In general,a discrete
Hopfield network consistsof a directedgraphwith a statevaluefrom the domain
{+1, -1} for eachnode,a thresholdfor eachnodeand a weight for eachedge.
The weightsmay not be symmetric.The next stateof a nodewv is determinedoy
afunctionof its currentstate,its threshold the statesof the neighborswvhich have
anedgefrom v andtheweightsof thoseedgesReachabilityproblemsfor discrete
Hopfield networksareknown to be PSPACE-completeunderthe parallelstateup-
datemodel[FO99]. To the bestof our knowledge,researcherbave not considered
how restrictionson the structureof the underlyinggraphatffect the complexity of
reachabilityproblemsfor Hopfield networks. Our hardnessesultsfor SDSshold
even whenthe maximumnodedegreeof the underlyinggraphis a constantUs-
ing anelegantpotentialfunctionargument,t hasbeenshovn [FGW83,FO99}that
whenthe edgeweightsandnodethresholdsareintegers,Hopfield networks under
sequentialipdateseachafixedpointregardles®f theinitial configurationOurre-
sultsshav thatSDSswhoselocaltransitionfunctionsarethresholdunctionsreach
afixedpointwhenthethresholdfunctionsusethe weightsin a symmetricmanner

Computationabspectf CA have beenstudiedby a numberof researcherg¢see
[M090,W086,Gu89Gr87,Su9p andthereferencesherein).However, mostof the
work addressesomputabilityissuedor infinite CA. Papersthataremostrelevant
to ourwork arethefollowing.

(1) Sutner[Su95] characterizeshe compleity of reachabilityand predecessor
existenceproblemsfor finite CA.

(2) Moore [M090] makes an importantconnectionbetweenunpredictabilityof
dynamicalsystemsandundecidabilityof someof their propertiesHe argues
thatundecidabilityis a muchstrongerform of unpredictability

(3) Thework of Buss,PapadimitriouandTsitsiklis [BPT91] considergeachabil-
ity problemsfor coupledautomataTheseautomatado not interactwith each
other;insteadthe systemusesa global control rule which is independenof
theidentitiesof theautomataThisidentity independencassumptions simi-
lar to the useof symmetricBooleanfunctionsin SDSs.

For additionalreference®n discretedynamicalsystemsand Hopfield networks,
see[AM94,CY88,Gu89,Pi94No86] andthereferencesherein.



5 Reachability Problemswith Thresholdand Monotone Functions

5.1 Outlineof Results

This sectionestablishethecompleity of reachabilityproblemsfor severalclasses
of SDSsover the Booleandomain.It canbe verified that eachof the reachability
problemssin PSPACE. Thereforetheproofsaddres®nly the PSFACE-hardness
aspect.

We first shav (Section5.2) thatthe reachabilityproblemsfor (BooL, SIT)-SDSs

are PSPFACE-completeeven when the maximumnode degree of the underlying
graphis aconstantNext, we shaw (Sectiornb.3)thattheproblemgemainPSPACE-
completefor (BooL, AWT)-SDSswhichallow thelocaltransitionfunctionsto use
weightsin anasymmetridashionThePSFACE-completenesesultsor (BooL, MON)-
SDSsfollow asdirectcorollariesof theresultsfor (BooL, AWT)-SDSs.

5.2 HardnessResultfor (BooL, SIT)-SDSs

Theorem 5.1 Thek exist constantsi,, p, andn, sud thatthet-REACHABILITY,
REACHABILITY andFIXED POINT REACHABILITY problemsare PSPACE-complete
for (BooL, SIT)-SDSsgevenwhenall of the following restrictionshold.

(a) Themaximumrmodedegreein theunderlyinggraphis boundedy d,.
(b) Thepathwidth(and hencethe treewidth) of the underlyinggraphis bounded

by pa.
(c) Thenumberof distinctlocal transitionfunctionsusedis boundedy 7.

Proof: We prove the theoremby shaving that (BooL, SIT)-SDSscansimulate
linearboundecautomatgdLBAS). Sincetheacceptanceroblemfor LBAs is known
to be PSPACE-completg GJ79],thetheoremfollows.

Ourreductionconsistf two stepsThefirst stepsimulatesanLBA with asequen-
tial circuit consistingof thresholdgatesandflip-flops,andthesecondstepsimulates
thesequentiatircuit with a (BooL, SIT)-SDS.

First, we recallthatan LBA canbe simulatedby a linear array of finite automata
(identicalexceptfor startstate),wherethe linear array hasa finite automatorfor
eachcell of the LBA, andthe next stateof eachcell is basedon its currentstate
andthatof its immediateneighborsFurthermoregachof thefinite automatgand
thuseachcell of the LBA) canbeimplementedasa cyclic circuit asfollows. In a
sequentiakircuit, the valuesof statevariablesat onetime periodare specifiedas
Booleanfunctionsof the variablesat the previoustime. Our sequentiatircuit will

10



useAND gatesandOR gatesto computethe new valuesof the statevariablesand

will useD-FLIP-FLOPsto storethevaluesof thestatevariables(At eachtime step,
a D-FLIP-FLOPstoresthe Booleanvalueof its input.) We useanimplementation
wherethereis a pair of D-FLIP-FLOPSsfor eachstatevariable:oneD-FLIP-FLOP

holding the value of the statevariable,andthe other holding the complementof

thevalue.Thus,both complementeéinduncomplementetiterals areavailableto

the combinationallogic circuit that setsthe D-FLIP-FLOPs.We assumethat the

equationfor computingthe new valuefor eachD-FLIP-FLOPIis givenin a form

thathasonly ANDs, ORs,andliterals (uncomplementednd complementedtate
variables).By having the valuesof all the literals available,we have no needfor

NOT gates.Thus,the sequentiakircuit canbe constructedusingonly AND, OR

and D-FLIP-FLOPs.We alsorequirethat the input to eachD-FLIP-FLOPis the

outputof somegate(evenif the gateis a single-inputOR gate).Thus,the circuit

consistsof a network of simple-thresholdyatesthat setthe new valuesof the D-

FLIP-FLOR It canbe seenthatthe resultingsequentiatircuit simulateshe given

finite automatonand that the linear array of finite automatasimulatesthe given

LBA.

We now considethesimulationof thesequentiatircuit, denotedy S, by a(BooL, SIT)-
SDS,denotedby S;. First, we specifythe underlyinggraphG:(V3, E;) of S; be-
ginning with V3. We classifythe nodesin V; asbeingeither mainstream nodes

or clock nodes We further partition the mainstreannodesinto computational
nodes driver nodes andoutput nodes The driver nodesand the outputnodes

will be usedto represenD-FLIP-FLOPSwhile the computationahodeswill be
usedto representhe AND andOR circuit elements.

e For eachgatein the combinationahetwork for S, thereis exactly onecomputa-
tional node(thusalsoa mainstreannode)in V;.

e For eachD-FLIP-FLOPIn S, thereare exactly two mainstreammodesin V;: a
drivernodeandanoutputnode.Thedrivernodessene asinputsto the AND and
OR gatesof the sequentiaktircuit. The outputnodeis usedto storethe output
of the D-FLIP-FLOPandthusall the outputnodestogethercanbethoughtof as
storingthe configurationof the LBA ata giveninstantin time.

e Eachmainstreannodeof V; hasanassociatedetof clock nodes;eachsuchset
is referredto asthe clock for thatmainstreamrmode.

The clock for eachmainstreamode containsa certain numberof clock nodes
which we referto astheimpedanceof the mainstreamrmode.The numberof clock
nodesdependson the type of mainstreamnode. For a computationalnode, the
impedancaes two plusthe sumof thefan-inandfan-outof the correspondingate
in S. Theimpedancef adriver nodeis threeplusthefan-outof the corresponding
D-FLIP-FLOPR Theimpedancef anoutputnodeis 4. We now specifytheedgeset
E; of Gi.

e For eachconnectionin S from the outputof a D-FLIP-FLOPto the input of a

11



gate,thereis anedgein E; betweerthedriver nodefor thatD-FLIP-FLOPand
thecomputationahodefor thatgate.

e For eachpair of gatesthatareconnectedn circuit S, thereis an edgebetween
thecorrespondingomputationahodesn G;.

e For eachconnectionin S from the outputof a gateto the input of a D-FLIP-
FLOP, thereis anedgein F; betweerthe computationahodefor thatgateand
theoutputnodefor thatD-FLIP-FLOPR

e For eachD-FLIP-FLOR thereis anedgebetweerthedriver nodeandthe output
node.

e Within eachclock, thereis an edgebetweeneachof the clock nodesandthe
mainstreammodewith which the clock is associatedNote thateachclock node
hasan edgeonly to the mainstreannodewith which the clock is associated,
sothatthe clock canbe consideredas“private” clock for its mainstrearmode.
Also, notethattheimpedancef eachmainstreanmode whichequalghenumber
of its clock nodes alsoequalstwo plus the numberof othermainstreamrmodes
connectedo thatmainstreanmode.

We now specifythe setof local transitionfunctionsF; of S;.

e Thelocal transitionfunctionsfor mainstreanmodesare simple-thresholdunc-
tionsgivenasfollows:

- A computationainode correspondingo a gateof S with threshold¢ hasa
simple-thresholdunction with thresholdequalto ¢ plusthe numberof nodes
in its clock.

- Eachdriver nodeandeachoutputnodehave a simple-thresholdunction with
thresholdequalto oneplusthenumberof nodesn its clock.

e Foreachclocknode thelocaltransitionfunctionis the1-simple-irverted-threshold
function(i.e.,the NOR functionof its inputs).

Finally, we specifythe permutationr; of S;. Thenodesof §; appeain thefollow-
ing orderin 7.

(1) Thepermutatiorbeginswith all thecomputationahodesjn anorderthatis a
topologicalsortof the dataflav orderin the combinationahetwork of circuit
S. (Thus,if theoutputof agater is aninputto gatey, thecomputationahode
correspondingo x precedeshe computationahodecorrespondingo y.)

(2) All thedrivernodescomenext (in anarbitraryorder sincethereareno edges
betweerdriver nodes).

(3) All theoutputnodesarelistednext (in anarbitraryorder).

(4) All theclock nodesarelistednext (in anarbitraryorder).

This completeghe constructiorof S; from S. We now explain why the simulation
works. Our simulationusestwo transitionsof S; (i.e., two successie applications
of theglobaltransitionfunction Fs, of S;) to simulateonestepof S.

We call a configurationof S, proper if for eachclock, all the nodeswithin that
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clock have the samevalue.If this valueis 1, we saythatthe clock is ON, andif
this valueis 0, we saythat the clock is OFF In the simulationof S by &;, the
configurationof S, attheendof eachstepwill beproper

Considera mainstrearmodex of S; andits clock, during a stepof S;. In accor
dancewith permutationr, first thelocaltransitionfunctionfor z is evaluatedthen
laterin thepermutationthelocaltransitionfunctionsfor theclocknodesassociated
with z areevaluated Supposdhatat the startof the step,z’s clock is OFF When
the local transitionfunction for x is evaluated,all its clock nodeshave value 0.
Sincethethresholdof the local transitionfunction f,, atz is greaterthanthe num-
berof remaininginputsto thatfunction (theinputscorrespondingo x itself andto
its neighborghat arealsomainstrearmodes),f, evaluatesto 0O, regardlesof the
valuesof theseremaininginput variables Next, for eachnodey within the clock,
considerthe evaluationof the correspondingdocal transitionfunction f,,, whichis
the NOR function. Sincenodey andits neighborz both have valueO, function f,
evaluatego 1. Thus,attheendof onetransitionof S;, mainstreanmodex hasvalue
0, andits associated@lock nodeshave all beensetto 1; thatis, clock for z is now
ON. Thus,theclock for eachmainstrearmodeis ON.

Now, supposehatatthe startof a stepof S, agivenclockis ON. As before,con-
sidertheclock’s mainstreammodex with its local transitionfunction f,.. Theclock
nodesof z all have valuel, andso f, will be sensitve to the valuesof the main-
streamnodeghatareneighborsof x. For eachclock nodey within z’s clock, when
the local transitionfunction f,, (whichis the NOR function) is evaluated sincey
hasvaluel, f, evaluatedo 0. So,attheendof this stepof S;, themainstrearmode
x hasbeensetto avaluethatdepend®nthevaluesof the mainstreammeighborsof
x atthetimewhen f, is evaluated andthe clock for x is now OFF

We definea configuration of thecircuit S to beanassignmenbf a Booleanvalue
to eachD-FLIP-FLOPiIn S. We now definethe following mappingg from config-
urationsof S into properconfigurationof S;. For aconfigurationC of S, g(C) is
definedasfollows.

Eachdriver nodeof §; hasthevalueof thecorrespondind-FLIP-FLOPof S.
Eachcomputationabhndoutputnodeof §; hasvalueO.

Eachclock for acomputationabr outputnodeof S; is ON.

Eachclockfor adrivernodeof S; is OFF

Supposene useFs to denotethe global transitionfunction of circuit S. Our key
claimis thefollowing.

Claim 1 For everyconfiguationC of S, Fs, (Fs, (g(C))) = g(Fs(C)).

Proof: Considertwo stepsof S;, beginning with configurationg(C). In the first
stepof S, the evaluationof the local transitionfunctionsof S; resultsin the fol-
lowing.
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(1) Eachcomputationahodex of §; mimicsthe correspondingyateof .S, andis
setto the outputvalueof thatgate.(Whenthe local transitionfunction f,, of
nodez is evaluated the neighboringmainstreamrmodescorrespondingo the
fan-inpointsof thegatecorrespondingo x in S havethesamevaluesaswhen
thegateis evaluatedn S, andthe nodeitself andits neighborscorresponding
to fan-outpointshave value0. Thethresholdof f, isthesumof theimpedance
andthethreshold: of thecorrespondingiateof S. Thenumberof clocknodes
of z equalstheimpedancef z, andsincex’s clock is ON, theseclock nodes
all havevaluel. Thus, f, evaluatedo 1 iff atleastt of the mainstreamnodes
correspondingo the gates fan-outpointshave valuel.)

(2) All thedrivernodesaresetto 0. (Theclocksfor thedrivernodesareall OFF)

(3) Eachoutputnodey is setto thenew valueof thecorrespondind-FLIP-FLOR
(Whenthelocaltransitionfunction f, of nodey is evaluatedtheclockis ON,
the neighboringcomputationahodecorrespondindo the gatewhoseoutput
is theinputto the D-FLIP-FLOPhasthe correctvalue,andthe nodeitself and
its neighboringdriver nodehave value0.)

(4) Theclocksfor computationahodesandoutputnodesaresetto OFF, andthe
clocksfor drivernodesaresetto ON.

In the next stepof Sy, the evaluationof thelocal transitionfunctionsof S, results
in thefollowing.

(1) All thecomputationahodesaresetto 0. (Their clocksareall OFF)

(2) Eachdriver nodeis setto thevalueof its neighboringoutputnode.(Whenits
local transitionfunctionis evaluatedthe clockis ON, the neighboringoutput
node hasthe new value of the correspondingd-FLIP-FLOR andthe node
itself andits neighboringcomputationahodesall have valueO.)

(3) All theoutputnodesaresetto 0. (Theirclocksareall OFF)

(4) Theclocksfor computationabndoutputnodesaresetto ON, andthe clocks
for driver nodesaresetto OFF

Thus, at the end of the secondstepof S;, eachdriver nodehasthe value of the
next stateof thecorrespondind>-FLIP-FLOPof S, eachcomputationaandoutput
nodehasvalue0, eachclock for a computationabr outputnodeis ON, andeach
clock for adriver nodeis OFFE This completeghe proofof Claim 1.0

By inductionon the numberof stepsin the operationof S, it can be seenfrom
Claim 1 thatif S startingin configuration/ reachegonfigurationB in ¢ stepsthen
S, startingin configurationg(I) reachesonfigurationg(B) in 2t steps Also note
that after an odd numberof stepsof S, the configurationof S; doesnot lie in
the rangeof the mappingg. This completeshe PSFACE-hardnesproofsfor the
t-REACHABILITY andREACHABILITY problemsfor (BooL, AWT)-SDSs.

By carryingout the above reductionstartingfrom anLBA which whenit accepts,
reachesa certainstatewhereit cyclesforever, it canbe seenthatthe REACHA-
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BILITY andFIXED POINT REACHABILITY problemdor (BooL, AWT)-SDSsare
alsoPSPACE-hard.

Graph restrictions and local functions. We completethe proof of Theorem5.1
by shawing thatthe indicatedrestrictionson degree, pathwidthandlocal functions
hold.

First, considerStepl. Notethatfor arny givenLBA, the sizeof the constructedse-

guentialcircuit is linearin the numberof cellsof the LBA. Also, sincethe sequen-
tial circuitimplementsalineararrayof finite automataif thecircuit is regardedas

a graphwith a nodefor eachcircuit element,the maximumnodedegreeandthe

pathwidth(and hencethe treewidth) of the graphareeachboundedby a constant
independenof thenumberof cellsof the LBA.

Now considerStep2. Our transformatiorreplaceseachAND, OR and D-FLIP-
FLOPIlocally by a graph,whosesizeis boundedoy a constanindependenof the
numberof circuit elementsMoreover, the edgebetweerntwo nodescorresponding
to differentcircuit elementsexistsonly if the circuit elementghey replacechadan
edge.Thus,thedegreeof eachnodeandthe pathwidth(andhencethetreavidth) of
thegraphareboundedoy constants.

Finally, considerthe numberof distinctlocal transitionfunctionsused.We usea
simple-invertedthresholdfunction at eachclock node.Without lossof generality
we may assumehatthe fan-in andfan-outof eachcircuit elementis a small con-
stant(nomorethan2). Thetypeof thresholdunctionatamainstreanmodedepends
onthe numberof clock nodest is adjacento andthe sumof fan-inandfan-outof
the circuit element Giventhatthe total numberof clock nodesper circuit element
is boundedvy aconstantye getthatthe numberof thresholdunctionsis bounded.

This completeghe proof of Theorenb.1. [ |

5.3 HardnessResultfor (BooL, AWT)-SDSs

Recallthatin (BooL, AWT)-SDSs,eachlocal transitionfunctionis a (weighted)
thresholdfunction andthatthe weightsusedby the local transitionfunctionsmay
be asymmetric.In this section,we shav that the reachability problemsremain
PSRACE-completefor (BooL, AWT)-SDSs.Our proof, which is basedon are-
ductionfrom the reachabilityproblemsfor (BooL, SIT)-SDSs,essentiallyshovs
how simple-irverted-thresholdunctions can be simulatedusing thresholdfunc-
tions that usethe weightsin anasymmetricmanner In contrastwe will show in
Section6 thatsubjectto sometechnicalconditions,the reachabilityproblemscan
be solvedin polynomialtime if asymmetryis not permitted.
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Theorem 5.2 Thekis a polynomialtimereductionfroma (BooL, SIT)-SDSS =
(G, F) andconfiguationsZ and B for S to a (BooL, AWT)-SDSS; = (G4, F1)
andconfiguationsZ, and B; for §; sud that

(1) S starting in configuiation Z reades B iff S; starting in configuation Z;
readesB,. Moreover, for eath t, S readesB in ¢ stepsiff S; reacess; in
t + 1 steps.

(2) S startingin configuiationZ readesa fixedpointiff S startingin Z; reades
a fixedpoint.

Proof: Given the graph G, the graph G; of §; is constructedas follows. Let
{1, 9, ..., 2,} denotehenodef G wherethepermutationr = (z1, zo, . . ., z,).

If thelocaltransitionfunction f; associateevith nodez; of G is asimple-threshold
function,thencorrespondingo x;, thegraphG, will havetwo nodesdenotedy z;
andz;. If thelocal transitionfunction f; associateavith nodez; of G is a simple-
inverted-thresholdunction,thencorrespondingo z;, thegraphG; will havethree
nodesdenotedy z;, z; andz;*°™.

The edgesof G, are constructedas follows. Considereachedge{z;, z;} of G.
Correspondingo this edge thereareeithertwo or four edgesn G; asfollows.

(a) If atleastoneof thelocal transitionfunctions f; and f; is a simple-threshold
function,thenthetwo edges{z;, z;} and{z;, z;} areincludedin G;.

(b) If atleastoneof thelocal transitionfunctions f; and f; is a simple-irverted-
thresholdfunction,thenthetwo edges{z;, z;} and{z;, z; } areincludedin G;.

In additionto theedgesspecifiedabove, for eachi, 1 < i < n, if thelocaltransition
function f; associateavith x; in S is asimple-irverted-thresholfunction,thenthe
threeedges{z;, z; }, {7;, z;*°™ }, and{z;, z;°°® } areincludedin G,.

The permutationr; for S, is constructedasfollows. Considereachnodez; of G.
If f;is asimple-threshol(ﬂunction,thenletw; = (z;, ;). If f; isasimple-irverted-
thresholdfunction, thenlet w; = (z;°°%, z;, T;). Recallthatthe permutationr for
Sis(z1, s, ..., ,). Permutationr; for S, is givenby (7}, Ty, ..., T,).

10N

Thelocal transitionfunctionsfor the nodesof S; arechosenasfollows. Consider
eachnodez; of G. Let N(z;) = {zi,y1, Yo, - - ., ¥} denotethe neighborsof z; in

G, includingz; itself. Notethat| N (x;)| = r + 1. Let f; denotethelocal transition
functionassociateavith z; in S.

(a) Supposgef; is the k;-simple-thresholdunction. (Thatis, f; is 1iff atleastk; of
its » + 1 inputsareequalto 1.)
e Thelocal transitionfunction g; associateavith z; in S; is definedto be 1 if
andonly if atleastk; of theinputsfrom nodesz;, 1, ¥2, . . ., ¥ areequalto 1.
(Thisis equialentto sayingthatin thethresholdfunctiong;, eachof ther + 1
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inputsz;, y1, v, ..., ¥ hasaweightof 1 andeachof the otherinputshasa
weightof 0.)

e Thelocal transitionfunction g; associateavith z; in S, is definedto be 1 if
andonly if atleastr — k; + 2 of theinputsfrom nodesz;, vy, ¥s, - . ., ¥, are
equalto 1.

(b) Supposef; is the k;-simple-irverted-thresholdunction. (Thatis, f; is O iff at

leastk; of its » + 1 inputsareequalto 1.)

e Thelocal transitionfunction g; associateavith z; in S is definedto be 1 if
andonly if atleastr — k; + 2 of theinputsfrom nodesz;, vy, ¥», - . ., ¥, are

equalto 1.

e Thelocal transitionfunction g; associateavith z; in S, is definedto be 1 if
andonly if atleastk; of theinputsfrom nodesz;“°*, y1, ¥s, .. ., ¥, areequal
to 1.

e Thelocaltransitionfunction g;*°® associateavith x;°°? in S; is definedto be
1if andonly if theinputfrom nodez; is equalto 1.

The intuition behindthe abore constructionis asfollows. When S, executesat
eachtime step,eachnodez; of S; will have the samestatevalue asthe corre-
spondingnodez; of S. Further thenodez; of S; will have the complemenbf the
statevalueof x;. Thecomplemenvalueis usedto implementthe simple-irverted-
thresholdunctionsof S usingthresholdunctionsin S;. Recallthatwhenthelocal
transitionfunction f; associatedvith z; in S is a simple-irverted-thresholdunc-
tion, S; alsocontainghenodez;“°PY. Thelocaltransitionfunctiong;“°® associated
with nodex;“°* savesthe (old) statevalueof z; into z;°°® beforethe stateof z; is
updatedThethresholdfunctionassociateavith z; usesthis savedvalueto ensure
thatin S, at eachtime step,the statevalue of z; is the complementf the state
valueof z;.

We needto specifytheinitial configuratioriZ; andthefinal configurationB; for S;.
To dothis,wefirst defineafunctiony thatmapspairsof configurationg X', ) of
into a configurationof S;. We specify configurationy(X', V) of S; by specifying
the value eachnodeof S; hasin that configuration,asfollows. For 1 < i < n,
Y(X, V) (i) = X(x;), v(X,Y)(x;) = X(x;), andif S; hasthe nodez;*", then
(X, Y)(z;°P) = Y(x;). (Here,we use X' (z;) to meanthe complementof the
Booleanvalue X (z;).)

Let uscall aconfigurationt of S, properif for1 < i < n, X(x;) = X(z;). The
following is aneasyobsenation.

Observation 5.1 For any pair of configuations (X', Y) of S, the configuation
Y(X,Y) of Sy is proper O

Thenext claim pointsoutthatwhenthestartingconfiguratiorof S, is proper every
subsequentonfiguratiorreachedy S, is alsoproper
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Claim 2 Suppos€ is a properconfiguation of S;. ThenFg, (C) is alsoa proper
configuation.

Proof: Recallthat correspondindo eachnodex; of S, thereis a group,say G;,
consistingof eithertwo nodes{x;, z;} or threenodes{z;°», z;, z;} in §;. For
1 < i < n, letthe:** substepof S; consistof the stateupdatesfor the groupG;
of nodesWe will arguethatatthe endof eachsubstepthe configurationof S, is
proper SinceS, startsin a properconfigurationthe claim follows.

Assumethat the configurationat the end of the (: — 1)** substepis proper and
considerthes*™® substepTherearetwo casedo consider

Casel: G; = {z;,7;}. In this casethe " substepupdateshe two nodesof G;

in theorder(z;, z;). Let M (i) = {xi, y1, 2, - - -, y» } denotetheinputsto z; which

have weight1 in thelocal transitionfunction g;. By ourconstructiontheset]\//f(i)

of inputsto z; which have weight1 in the local transitionfunction g, is givenby

M\(i) = {Z;,v1,92,---,9r}. Sincethe configurationof S; at the end of substep
i — 1 is proper the valuesof z; andz; arecomplement®f eachotherbeforethe
stateof z; is updatedandfor 1 < j < r, thevaluesy; andy; arecomplement®f

eachother

Thereforefor ary ¢ > 0, ¢ of thevaluesin M (i) areliff » + 1 — ¢ of thevalues
in M (i) arel. In particulay at leastk; of the valuesin M (i) arel iff lessthan
r + 2 — k; of thevaluesin M (i) arel. Recallthatthe threshold=of g; andg; are
k; andr + 2 — k; respectrely. Therefore|if the valueof z; at the endof substep
1 1s 1 (0) thenthe valueof z; at the endof substep is O (1). In otherwords,the
configurationat the endof theit" substeps proper

Case2: G; = {z;%™, z;,7;}. In this casethe " substepupdateshesenodesin
theorder(z,;*°, z;, z;). By our constructionthe setM (i) of inputswith weight1
to the local transitionfunction g; is givenby M (i) = {z;,v1, Y2, - . ., Ur }. Further
the set]\A/[(z') of inputsto z; which have weight 1 in the local transitionfunction
g, is givenby J\//T(z’) = {x;° y1,v9, ..., Yy, }. Further theonly input to thelocal
transitionfunction g;“°» with weight1 is z;. Thereforewhenthe stateof z;°* is
updatedjts new statevalueis the valueof z; atthe endof the (i — 1) substep.
This obsenationin conjunctionwith the assumptiorthat the configurationof S,
beforesubstep is properimpliesthatatthetime whenthelocaltransitionfunction
g; 1s computedthevaluesof z; andz;°?Y arecomplement®f eachother andfor
1 < j <r,thevaluesy; andy; arecomplement®f eachother Therefore for ary
q > 0, ¢ of the valuesin M (i) arel iff r + 1 — ¢ of the valuesin M (i) are1.
In particular atleastr + 2 — k; of thevaluesin M (i) are1iff lessthank; of the
valuesin M (i) arel. Recallthatthethresholdf g; andg; arer — k; + 2 andk;
respectrely. Therefore,f the valueof x; atthe endof substep is 1 (0) thenthe
valueof z; atthe endof substep is 0 (1). In otherwords,the configurationat the
endof the i*" substepis properin this casealso,andthis completeshe proof of
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Claim2.0

Our next claim pointsoutthatS; properlysimulatesS.

Claim 3 For anypair of configuations(X, Y) of S, Fs, (¥(X,Y)) = ¥(Fs(X), X).
Proof: Let Fs(X) =C, Fs, (¥(X,Y)) =Cy, andyp(Fs(X), X) =Cs.

(1) Considerary nodez; of S1, 1 < i < n. We mustshaw thatC;(x;) = Ca(x;).
Recallthatnodez; in S correspond$o nodez; of S;. Therearetwo casedo
consider
Case 1l: The local transitionfunction f; of z; in S is a k;-simple-threshold-
function.

By our constructiontheinputswith weight1 to thelocaltransitionfunction g;
of z; in §; areexactlythosenputsto thelocaltransitionfunction f; in S. Further
the mappingy ensureghateachinput with weight1 to g; hasexactly the same
valueasthatof the correspondingnputto f;, andthe thresholdof g¢; is alsok;.
Thereforethevaluescomputeddy f; andg; areidentical.In otherwords,C; (x;)
= C(x;). Now, by the definition of v, the valueof Cy(z;) = ¥(Fs(X), X)(x;) =
C(z;). ThereforeC,(x;) = C2(x;) in thiscase.

Case2: Thelocaltransitionfunction f; of x; in S is ak;-simple-irverted-threshold-
function.

Let M (i) = {z;, y1, 2, - - - , Y- } denoteheinputsto thefunction f; in S. By our
constructionthe set M () of inputswith weight 1 to the local transitionfunc-
tion g; of z; in Sy is givenby M, (i) = {z;,y1,¥2, - - -,y - By Obsenation5.1,
¥(X,Y) is aproperconfigurationof S;. So,eachvaluein M (7) is thecomple-
mentof the correspondingaluein M, (7). Thereforefor ary ¢ > 0, ¢ valuesin
M(i) areliff r + 1 — ¢ valuesin M; (i) arel. In particular lessthank; values
in M(7) areliff atleastr 4+ 2 — k; valuesin M, (i) arel. Thethresholdof g; is
r + 2 — k;. Hence thevaluescomputedby f; andg; areidentical,andC; (z;) =
Ca(z;) in this casealso.

(2) Considerary nodez; of S1, 1 < i < n. Wemustshaw thatC, (z;) = Co(73).

By Obsenation 5.1, ¢)(X,)) is a proper configurationof S;. Thus, from
Claim 2, C, = Fs,(¢(X,Y)) is alsoa properconfiguration.Thatis, C,(z;) =
C:(z;). By the definition of the mappingy, Co(7;) = ¥(Fs(X), X)(z;) = C(z;).
¢ Fromthe prooffor (1) above, we know thatC (z;) = C(x;). ThereforeCy (z;) =
Co (7).

(3) Considerary i, 1 < i < n, for whichC; hasthe nodez;**Y. We mustshowv
thatCl(xiCOPy) = CQ(SEZ'COpy).

As arguedin the proof of Claim 2, z,;°? saresthe value of x; beforex; is
updated.Therefore,C; (z;°?) = X(z;). By the definition of the mapping,
CQ(xicopy) = w(Fs(X), X) (xicopy) = X(l’z) ThereforeC1 (iIZ'Z'COPy) = C2(xicopy).

This completeghe proof of Claim 3. O
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Recallthattheinitial andfinal configuration®f S areZ andB respectrely. We can
now specifytheinitial andfinal configurationsZ; andB; of S;asfollows. Let 7°
denotethe configurationof S wherethe stateof every nodeof S is 0. We setZ; to
bethe configuration(Z, Z°) andB; to be(Fs(B), B). Thefollowing claimis an
easyconsequencef Claim 3 andinductionon .

Claim 4 LetS bethegiven(BooL, SIT)-SDSwith initial andfinal configuation
7. LetS; bethe(BooL, AWT)-SDSconstructecas above with initial configua-
tionZ;. Thenforall t > 1,£(S1,Zy,t) = v(&(S,Z,1),E(S,Z,t —1)). 0

Theoremb.2is adirectconsequencef Claim 4. [ |

We obsenrethattheweightsusedn thelocaltransitionfunctionsof the(BooL, AWT)-
SDSS,; constructedabore arefrom {0, 1}. By carryingout the reductionfrom a
(BooL, SIT)-SDSin which the numberof distinctlocal transitionfunctionsis a
constantandwhoseunderlyinggraphhasboundeddegreeandboundedpathwidth
(treewidth), we obtainthefollowing corollary.

Corollary 5.1 Thee existconstantsls, p; andnz sud thatthet-REACHABILITY,
REACHABILITY andFIXED POINT REACHABILITY problemsare PSPACE-complete
for (BooL, AWT)-SDSsgvenwhenall of thefollowing restrictionshold.

(a) Themaximurmodedegreein theunderlyinggraphis boundedoy ds.

(b) The pathwidth(and hencethe treewidth) of the underlyinggraphis bounded
by ps.

(c) Thenumberof distinctlocal transitionfunctionsusedis boundedoy n3.

(d) Theweightsusedin thelocal transitionfunctionsare from{0, 1}.

Further we canreplacethe weight O in the proof of the above corollary by the
valuel/(ds + 2), whereds is the constanidenotingthe maximumnodedegreein
theunderlyinggraphG, of SDSS;. With this weight,evenif all theinputswhich
werepreviously assignec weightof 0 wereto be 1, thetotal contribution from all
thoseinputswill still belessthanl; thatis, thethresholdfunctionatany nodewiill
not be sensitve to ary of theinputswith weight1/(ds + 2). Wheneachweightis
from {1/(ds + 2), 1}, theratio of the maximumto minimum weightis d; + 2, a
constantThus,we alsogetthefollowing corollary.

Corollary 5.2 Thereadability problemsare PSPACE-completdor (BooL, AWT)-
SDSswhich in additionto Conditions(a), (b) and(c) of Corollary 5.1, also satisfy
the conditionthat the ratio of the largestto the smallestweightusedin the local
transitionfunctionsis a constant. [ |

Theabove corollary pointsout thatasymmetrioveightsare sufficient to make the
reachabilityproblemsfor (BooL, AWT)-SDSsPSPACE-complete;a large ratio
of maximumto minimumweightsis notneeded.
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It canbe seenthateachthresholdfunctionthatusesonly nonngative weightsis a
monotonefunction. Therefore we alsogetthe following.

Corollary 5.3 Thereadability problemsare PSPACE-completdor (BooL, MON)-
SDS=venwhenConditions(a), (b) and(c) of Corollary 5.1 hold. [ |

6 Polynomial Time Algorithms for (BooL, SWT)-SDSs

As mentionedn Section2.2,in (BooL, SWT)-SDSs thelocaltransitionfunctions

(whicharethresholdunctions)useweightsin asymmetriomannerMore precisely

for eachedge{z, y} of the SDS,the weight of the input correspondindo y used

in thelocal transitionfunction f,, is equalto the weightof theinput corresponding
to = usedin thelocal transitionfunction f,. Therefore we ervision this weightas

beingassociatedvith the edge{z, y}, anddenoteit by w({z, y}). Also, for each

nodez, theweightof theinput correspondingo x usedin f, canbeervisionedas

theweightof thenodez, denotedby w(x).

In this section,we shaw thatthe reachabilityproblemsremainefficiently solvable
for (BooL, SWT)-SDSs,providedall theweightsarestrictly positive andtheratio
of thelargestweightto the smallestweightis boundedoy a polynomialin the size
of thegivenSDS.

ThroughoutSection6, S is a (BooL, SWT)-SDSin which all the nodeandedge
weightsare strictly positive. For a nodew, let &k, denotethe thresholdvalue for
the local transitionfunction f,,, andlet W (v) denotethe sumof the weight of v
andthe weightsof all the edgesincidentonv. If k£, < 0, thensinceall the node
andedgeweightsarestrictly positive, f, is the constanfunctionwhichis 1 for all
inputs.This functioncanberealizedby settingk, = 0. Furtherif k&, > W (v), then
fv is the constanfunctionwhich is O for all inputs.This function canrealizedby
settingk, = W (v) + ¢, for ary e > 0. Thereforewe assumehatfor eachnodev,
0 <k, < W(v) + ¢, wherethevaluee > 0 canbe choserappropriately

For eachnodev, defineT; (v) = k, andTy(v) = W(v) — k, + €. Since0 < k, <
W (v)+e¢, bothT; (v) andTy(v) arenonngative. ThevalueT (v) canbeernvisioned
astheminimumtotal weightof the 1-inputsto thelocal transitionfunction f, such
thatthe outputof f, is 1. Similarly, the valueT,(v) canbe ervisionedasthe min-
imum total weight of the O-inputsto the local transitionfunction f, suchthatthe
outputof f, is 0. Notethatfor ary nodew, T;(v) andT(v) arenonngative even
if the function f, is a constanfunction(i.e., f, is O for all inputsor f, is 1 for all
inputs).

Theorem 6.1 Let S be a (BooL, SWT)-SDSin which all the nodeand edge
weightsare strictly positive Let wna, denotethelargestvalueamongthenodeand
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edge weights,andlet wy,;, denotethe smallesihodeweight.If theratio wmax/Wmin
is boundedy a polynomialin thesizeof S, thenthet-REACHABILITY, REACHA-
BILITY and FIXED POINT REACHABILITY problemsfor S canbe solvedin poly-
nomialtime

Proof: We usea potentialfunctionagument.Givena (BooL, SWT)-SDS S and
a configurationC for S, we assigna potentialto eachnodeand eachedgein the
underlyinggraphG asdiscussedbelow.

The potential P(C, v) of a nodewv with respectto configurationC is definedas
follows:

P(C,v) = Ti(v) if Clv)=1
= To(v) if C(v)=0.

The potential P(C,e) of anedgee = {u,v} with respectto configurationC is
definedasfollows:

P(C,e) = w(e) if e={u,v}andC(u)#C(v)

= 0 otherwise.

For a configurationC, the potentialof S is definedby

P(C,8) =) P(C,v)+ > P(Ce).

veV ecE

The following claim givesupperand lower boundson the potentialof S for any
configurationC.

Claim 5 For anyconfiguationC, 0 < P(C,S) < (3m + n) wnax + ne, Whee
n andm are respectivelyhenumberof nodesandedgesof G.

Proof: First, considerthe lower bound.As obsered earliet for ary nodew, the
valuesTy(v) andT;(v) areboth nonngative. Thus, P(C,v) > 0 forallv € V.
Sincethe edgeweightsare strictly positive, P(C,e) > 0 for all e € E. Thus,
P(,S8) > 0.

We prove theupperboundonthe potentialof S by consideringhe contributionsof
the nodesandedgesseparatelyFor ary nodev, Ty(v) andT; (v) areeachbounded
by W (v) + €. Therefore,P(C,v) < W(v) + . For eachw € V, let §, denotethe
degreeof v. Sincetheweightof eachedgeandnodeis atmostuw,y,,,, andW (v) also
includestheweightw(v) of thenodev, wehave W (v) < (6, + 1) wmax. Therefore,
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Z P(C,v) < Z[(‘Sv + 1) Winax + €]

veV veV
= (2m + n) Wmax + Ne. (1)

For ary edgee, P(C,e) < w(e) < wmax. Therefore,

Y P(C,e) < mWmax (2)

eckE

¢FromEquationg1) and(2), it followsthat P(C, S) < (3m + n) wmax + ne. This
completeghe proofof Claim5. O

The next claim pointsout that the potentialof S deceasesvheneer the stateof
anodechangesln statingthe claim, we think of eachstepof S asconsistingof n
substepsyhereeachsubstepnvolvestheevaluationof thelocaltransitionfunction
atanodeandupdatingthe stateof thatnode.

Claim 6 Suppose is anodeof S thatundegoesa statechange duringa stepof S.
LetC and(’ denoterespectivelyheconfiguationof S justprior to thesubstemand
justafterthesubstepn which the stateof v changes.Then,P(C',S) < P(C,S) —

Wmin -

Proof: Letthestateof nodev changdroma to b in thesubstepunderconsideration.
As partof this substepwhen f, is evaluatedJet W, (v) denotethe total weight of
all the edgesbetweernv anda neighborof v whosestatevalueis a. Similarly, let
Wy(v) denotethetotal weightof all theedgesetweens andaneighborof v whose
statevalueis b. Whenthe stateof v changesrom « to b, only the potentialof node
v andthe potentialsof the edgesncidenton v may changethe potentialsof other
nodesandedgesof G areunafected.

Beforethe changein the stateof v, let o(v) denotethe sumof the potentialof v
andthe potentialsof the edgesncidentonv. Clearly, o(v) = T,(v) + W,(v). Let
o'(v) denotethe sumof the potentialof v andthe potentialsof the edgesincident
onv afterthechangen thestateof v. As before,o’ (v) = Ty(v) + W, (v). Sincethe
stateof v changedrom a to b, we have Wy, (v) > T, (v) andW, (v) +w(v) < To(v).
Consequently (v) > T,(v) + T,(v) ando’(v) < Ty (v) + Ty(v) — w(v). Thus,the
decreasé potentialdueto thechangen stateof v iso (v) — o' (v) > w(v) > Win-
Claim 6 follows. O

We now continuewith the proof of Theorem6.1. ¢ FromClaim 5, the initial po-
tential of the SDS S is at most P, = (3m + n)wmax + ne. Eachstatechange
decreasethe potentialby at leastw,,;,. Sincethe total potentialof the SDSis al-
ways nonngative, after at most | Prax/wmin| Stepsof the SDS, no statechanges
canoccur;thatis, the SDSreaches fixedpoint.
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Let B = (3m + n)Wmax/Wmin andy = 8 — | 3]. Notethaty < 1, andthat
Pmax/wmin = |_(3m + n)wma.x/wminJ + v+ nG/wmin-

By choosing sothat0 < € < (1 — ) wpyin/n, We have y + ne/wmyin < 1. Thisen-
suresthat| Ppax/Wmin| = [ (3m 4+ n)Wmax/Wmin |, Whichin turn,is anupperbound
thenumberof stepsbeforeS reaches fixedpoint.

Sincethe ratio wmay/wmin iS boundedby a polynomialin the size of the SDS,S
reaches fixedpointwithin a polynomialnumberof stepsThus,the REACHABIL-
ITY, t-REACHABILITY andFIXED POINT REACHABILITY problemsfor the SDS
S canbesolvedin polynomialtime. [ |

7 Applications: Hopfield Networks and Communicating Finite StateMachines

We discusdsriefly how our resultscanbe directly usedto imply appropriatdower
boundsfor classe®f Hopfield networksandcommunicatindinite statemachines.

Hopfield Networks. As discussedearlier our lower boundsfor reachability
problemsfor (BooL, AWT)-SDSsdirectly imply that reachabilityproblemsfor

Hopfield networks with sequentialipdateandasymmetrioveightsare PSFACE-

hard. Moreover, the result holds for very small edge weights, boundeddegree
andboundedpathwidth(andhencetreawidth) graphs.To our knowledge,suchre-

sultshave not beenreportedearlier Our modelof SDSswith simple-thresholénd
simple-irnverted-thresholdunctions and the corresponding?SPACE-hard lower
boundsfor the reachabilityproblemssuggest potentiallynew variantof Hopfield
networks.

Communicating Finite State Machines (CFSMs). CFSMshave beenwidely

studiedas modelsof concurrentprocessesAs a result,a numberof modelshave

beenproposedn theliterature.Sincethesemodelswereproposedor differentap-

plications they arenotalwaysequivalent.Wereferthereadeto [AKY99,BZ283,GC86,HKV97H0oa84,Mi99R
for definitions,results,applicationsandthe stateof currentresearchn this area.

The basicsetupconsistsof a collection of finite statemachinesThesemachines

communicatevnith eachothervia explicit channeldBZ83,Pe97GC86]or via ac-

tion symbols[Ra97,SH+96] Our resultsapply to boththesevariants.To seethis,

we notethefollowing:

(1) Simple-thresholéndsimple-irverted-thresholfunctionscanbeeasilyrepre-
sentedasfinite statemachinegFSMs)thatessentiallyemulatea counter The
FSM correspondingo eachnodeof an SDS consistsof two parts,namelya
control partanda part simulatingthe thresholdfunction. (For somemodels,
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we cansometime®liminatethe controlpart.)

(2) Sequentiapdateof the nodesof an SDS canbe simulatedby usingn dis-
tinct (one for eachmachine)action symbolsthat in effect imply that each
FSMis updatedn the orderdeterminedrom the orderingusedfor the given
SDS.Whendealingwith explicit channelsthis canbe doneby initializing
all the FIFO I/O channelsand usingthe control partto make surethateach
machinecorrespondindo a thresholdfunction makesa transitiononly after
all its inputshave beenreceved. At that point, the transitionsimply consists
of countinghow mary inputsarel andhow mary of themareO. After this,
the machinepoststhe resultof evaluatingthe function on eachof the output
channels.

Giventheseobsenations theremainingdetailsof the simulationarefairly straight-
forward. Our resultsshav thatthe PSFACE-hardnes®f reachabilityproblemsfor
CFSMsholdsfor extremelysimpleindividual automataSpecifically theautomata
useavery simplemodelof concurreng andthe underlyinggraphsareof bounded
degree.This pointsout thata boundedamountof concurrenyg is sufficientto yield
computationaintractabilityresultsfor reachabilityproblemsor CFSMs.Thus,the
resultsextendsomeof theearlierresultsin [SH+96,Ra9T onthecompleity reach-
ability problemsfor communicatingstateprocesses.

Thelower boundscanbe viewed asa tradeof betweerthethreebasicparameters
thatcharacterize&ommunicatindinite stateprocesses(i) the power of individual
automatayii) the interconnectiorpatternand (iii) the communicationparadigm
(e.g. channelsaction symbols).For instance,it is easyto prove the PSFACE-
hardnes®f reachabilityproblemsfor a simplechainof communicatingautomata,
whereeachautomatoressentiallyencodeghe transitionfunction of anLBA. On
the other hand,we canalso showv that reachabilityproblemsare PSPACE-hard,
wheneachindividualautomatoressentiallymimicsasimple-thresholar asimple-
inverse-thresholéunction.In eithercase the messag@assingnechanisnmay be
explicit channelsor actionsymbols.

8 Summary and Conclusions

We showed that the reachabilityproblemsfor SDSs,whereeachlocal transition
functionis eithera simple-thresholdunction or a simple-inverted-thresholdunc-
tion, arePSFACE-completeWe alsoshovedthatthesantractabilityresultsextend
to SDSswith monotonelocal transitionfunctionsandto otherdynamicalsystem
modelssuchasHopfield networksandcommunicatindinite statemachines.

Additional resultsfor otherrestrictedSDSsarereportedn [BH+02]. For example,
it is shavn in [BH+02] that for SDSsover a unitary semiringwith linear local
transitionfunctions,the ¢t-REACHABILITY problemcanbe solvedin polynomial
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time. It is alsoshavn thatevery BooleanSDSwhereeachlocal transitionfunction
is the 3-simple-thresholdunction reachesa fixed point in at most |3n/2| steps,
wheren is the numberof nodesin the underlyinggraph.

Our resultsfor SDSswith thresholdfunctions provide one way of delineating
classesf SDSsfor which reachabilityproblemsare intractableand the classes
of SDSsfor which reachabilityproblemsareefficiently solvable.However, an ex-
actcharacterizatiomf the compleity of reachabilityproblemsfor SDSsremains
anintriguing openproblem.
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